The purpose of this paper is to provide analytical and numerical solutions of the formation and evolution of the localized plastic zone in a uniaxially loaded bar with variable cross-sectional area. An energy-based variational approach is employed and the governing equations with appropriate physical boundary conditions, jump conditions, and regularity conditions at evolving elasto-plastic interface are derived for a fourth-order explicit gradient plasticity model with linear isotropic softening. Four examples that differ by regularity of the yield stress and stress distributions are presented. Results for the load level, size of the plastic zone, distribution of plastic strain and its spatial derivatives, plastic elongation, and energy balance are constructed and compared to another, previously discussed non-variational gradient formulation.
Introduction
The presence of a softening branch of the stress-strain curve, usually caused by initiation, propagation and coalescence of defects such as micro-cracks or micro-voids, is a phenomenon typical of quasi-brittle materials. Softening often leads to localization of strain into narrow bands whose width is related to an intrinsic length dictated by the heterogeneities of the material microstructure. Softening can be conveniently incorporated into damage models, but can also be described by plasticity with a negative hardening modulus. However, constitutive models within the classical continuum framework of simple materials do not contain any length scale reflecting the typical size of microstructural features. Therefore, the localization processes due to softening are not described properly and mathematical models lead to ill-posed problems accompanied by localization of strain into subdomains of zero volume and consequently to vanishing dissipation. Various enrichments incorporating some information about the material heterogeneity have been developed. They utilize, for example, additional kinematic variables, weighted spatial averages, higher-order gradients, or rate-dependent terms; see e.g. the comparative studies and review papers by de Vree et al. (1995) , Jirásek (1998) , Peerlings et al. (2001) , Jirásek and Rolshoven (2003) , Bažant and Jirásek (2002) , Jirásek and Rolshoven (2009a) and Jirásek and Rolshoven (2009b) . These techniques on the one hand preclude localization and loss of ellipticity of the governing equations, but on the other hand significantly complicate the overall analysis. For instance, in the case of higher-order gradient models, the regularity conditions of internal variables at the evolving elasto-plastic interface are not easy to characterize.
The present paper is devoted to the investigation of the Aifantis explicit fourth-order gradient plasticity model, cf. e.g. Zbib and Aifantis (1988) or Mühlhaus and Aifantis (1991) , under conditions leading to non-uniform stress fields. To keep the analysis transparent, we confine ourselves to one-dimensional tension tests and perform our analysis in the framework of the so-called energetic solutions introduced in an abstract setting in Mielke and Theil (2004) and in the context of finite-strain plasticity in Mielke (2003) , generalizing earlier variational formulations of damage (Francfort and Marigo, 1993) and fracture (Francfort and Marigo, 1998) . Building on this basis, we will derive the governing equations and appropriate boundary and jump conditions. In particular, the often questioned regularity conditions for internal variables at the elasto-plastic interface will emerge naturally in a consistent and unified way. Detailed solutions for four different test problems with various regularity of the yield stress and stress distributions will be presented and compared to results obtained from the standard non-variational gradient formulation available in Jirásek et al. (2010) . The present work can also be viewed as a continuation and extension of results provided in our previous paper (Jirásek et al., 2013) , where the second-order gradient plasticity model was investigated. The main difference from our previous work is that now we treat a more complicated model with higher-order regularity requirements on internal variables and more intricate conditions at the elastoplastic interface. In addition, we approach the problem utilizing the nowadays standard variational framework for rate-independent evolution. This study is also closely related to several one-dimensional studies into energy-based second-order gradient models of strain-softening damage and plasticity. In particular, Pham et al. (2011) performed a detailed analysis of stability and bifurcation of localized and homogenous states, obtained in the closed form, for a parameterized family of gradient damage models. These results were later refined by Pham and Marigo (2013) , who studied size effects and snap-back behaviour at the structural scale predicted by the same group of damage models. The combination of damage and plasticity has been the subject of recent contributions by Del Piero et al. (2013) and Alessi et al. (2014) , with the emphasis on the competition between brittle and ductile failure; the former work also contains a validation against experimental data. Our analysis extends these contributions by treating a model regularized by the fourth derivative of internal variables and by deriving the regularity of internal variables directly from energy-minimization arguments, rather than enforcing them through additional boundary conditions at the moving elastic-inelastic interfaces.
The energetic formulation for rate-independent processes comprises several steps and relies on two principles. In the abstract setting (Mielke, 2006) , the state of the system within a fixed time horizon T is described in terms of a "non-dissipative" field u(t, x), u(t) ∈ U, x ∈ Ω, where Ω denotes the spatial domain, and a "dissipative" field z(t, x), z(t) ∈ Z, which specifies the irreversible processes at time t ∈ [0, T ]. The state of the system is fully characterized by the state variables q(t, x), q(t) = (u(t), z(t)) ∈ Q = U × Z. Typically, u is the displacement field and z is the field of internal variables related to the inelastic phenomena, such as plastic strain or damage. Further, we consider the total free (Helmholtz) energy of the body E : [0, T ] × Q → R ∪ {+∞} together with the dissipation distance D : Z × Z → R ∪ {+∞} which specifies the minimum amount of energy spent by the continuous transition from state z
(1) to state z (2) . For notational convenience, we will sometimes refer to the dissipation distance by D(q (1) , q (2) ) instead of D(z (1) , z (2) ). Then, the process q : [0, T ] → Q is an energetic solution to the initial-value problem described by (E, D, q 0 ) if it satisfies (i) Global stability: for all t ∈ [0, T ] and for all q ∈ Q E(t, q(t)) ≤ E(t, q) + D(q(t), q)
which ensures that the solution minimizes the sum E + D, (ii) Energy equality: for all t ∈ [0, T ]
which expresses energy balance in terms of the internal energy, dissipated energy Var D , and time-integrated power of external forces P, (iii) Initial condition:
The dissipation along a process q is expressed as
where the supremum is taken over all n ∈ N and all partitions of the time interval [0, t], 0 = t 0 < t 1 < · · · < t n = t. Together, the two principles (S) and (E) along with initial condition (I) naturally give rise to an Incremental problem:
amenable to a numerical solution, in which each step is realized as a minimization problem, e.g. Ortiz and Stainier (1999); Carstensen et al. (2002); Petryk (2003) . The main conceptual difficulty with this incremental problem is that it represents a global minimization, which is computationally cumbersome and physically difficult to justify for non-convex energies. It is reasonable, however, to assume that stable solutions to (IP) are associated with local minima; for comparative studies into evolution driven by local and global energy minimization see e.g. Mielke (2011); Braides (2014); Roubíček (2015) . On the other hand, the variational approach offers many advantages, among which we highlight that it provides a unified setting for the analysis, allows for discontinuities in space, incorporates the governing laws with boundary conditions and provides regularity conditions at the elasto-plastic interface. For the uniaxial displacement-controlled tension test, we can further specify all the quantities introduced above in more detail. Displacement u(t, x), where we have used the light face letter since u is now a scalar field, as a function of the spatial coordinate x ∈ Ω ⊂ R, represents the "non-dissipative" component; the total linearized strain is simply the spatial derivative u (t, x) = ∂u(t, x)/∂x. The "dissipative" variables, describing the irreversible processes, are plastic strain ε p (t, x) and cumulative plastic strain κ(t, x), i.e. z(t, x) = (ε p (t, x), κ(t, x)).
1 The corresponding function spaces are as follows:
where u D (t) denotes prescribed displacements on the boundary (specifying the Dirichlet boundary condition) and W k,2 stands for the space of all Lebesgue square-integrable functions with square-integrable generalized derivatives up to order k; later on, we will employ a subset W k,2 0 consisting of functions vanishing at the boundary, for details we refer to e.g. Evans (2010) . Consequently, we identify U = V u (t), which now depends on time (due to the time-dependent values presented on the boundary),
, and define the total free energy of the body
and the dissipation distance The paper is organized as follows. In Section 2, we will revisit the energetic formulation for the case of monotone loading, i.e.u D (t) ≥ 0, which greatly simplifies the specific form of (S), (E), (I), and (IP) accompanied by (2)-(4). Further, the governing equations with boundary conditions, jump conditions, and regularity conditions at the elasto-plastic interface will be derived for the resulting one-dimensional fourth-order gradient-enriched plasticity model. Sections 3 and 4 are concerned with piecewise constant yield stress and stress distributions, which also represent the only cases amenable to analytical solutions. There, it will be shown that the structural response may, in a certain range, exhibit hardening due to the gradient enrichment despite the softening character of the material model. In Sections 5 and 6, the results for piecewise linear and quadratic stress field distributions will be compared to standard non-variational solutions available in Jirásek et al. (2010) . In spite of all the simplifications we will be forced to use numerical solutions. The influence of data variation to the evolution of the plastic zone, its profile and load-displacement diagrams will also be investigated. Finally, in Appendix A, the stability conditions for the case of a uniform bar are discussed, and in Appendix B, we verify optimality of the obtained regularity conditions at the elasto-plastic interface by an independent argument.
Energy-Based Formulation

General Considerations
For E and D given by (3) and (4), minimization in (IP) with respect to κ gives κ(
cf. also Section 4.3 in Mielke (2003) , where the local plasticity model with hardening is discussed. In Eq. (5), spatial derivatives are understood in the sense of distributions. For further considerations, we will restrict ourselves to tensile loading with possible elastic unloading, but never with a reversal of the plastic flow. Then, the plastic strain ε p and the cumulative plastic strain κ are equal, and we can use κ as the only internal variable. As a result, instead of the incremental approach given in Eqs. (IP) and (5), it is fully sufficient to consider a total formulation providing a parameterized solution (u(t), κ(t)) which does not violate the irreversibility constraints. Note that such a parametrization is mathematically justified only when the elastic energy E is strictly convex in q, which implies that the solution is time-continuous for sufficiently regular loading, cf. Mielke and Theil (2004) ; in the present setting we adopt it as an additional assumption. Taking into account all the above simplifications, the minimization problem in Eq. (5) reduces to (u(t), κ(t)) ∈ Arg min
where
which resembles a variational inequality of the first kind, due to the requirement κ ≥ 0 in Eq. (2c). The first variation (Gâteaux derivative) of Π furnishes us with the optimality condition
where δu and δκ are admissible variations satisfying (u + δu, κ + δκ) ∈ V u (t) × V κ (for simplicity, explicit dependence on time t has been dropped). Employing the integration by parts we arrive at
where ∂Ω denotes the boundary integral, in our one-dimensional setting reduced to the sum over two end points of the interval Ω, and n is the unit outer normal, which equals −1 at the left ∂Ω L and 1 at the right ∂Ω R part of the boundary ∂Ω = ∂Ω L ∪ ∂Ω R . The sums i are taken over all points of possible discontinuity x i and
represents the jump of function f (x) at x i . The necessary condition for a local minimum is non-negativity of the first variation of the functional Π for all admissible variations δu and δκ, cf. Section 8.4.2 in Evans (2010) , or Chapter 5 in Roubíček (2010) . Below we show that such an approach leads to a consistent set of governing equations, namely the equilibrium equations, complementarity conditions of the plastic flow, boundary conditions, and regularity conditions at the elasto-plastic interfaces. Analysis of the second variation (second-order Gâteaux derivative), which is related to stability of the solution (S), is postponed to Appendix A.
Governing Equations
Since u + δu ∈ V u , we have δu ∈ W 1,2 0 (Ω), meaning that δu is arbitrary inside Ω with zero trace on the physical boundary ∂Ω. Thus the expression multiplying δu in the first line of (9) must vanish, providing us with the static equilibrium condition
Here, u corresponds to the total strain, u − κ is the elastic strain, and EA(u − κ) is the axial force, which is required to be continuous according to the third line of (9), because δu is arbitrary inside Ω. Due to the zero trace of δu, the sum over boundary points in the third line of (9) vanishes. Since κ + δκ ∈ V κ , variations δκ cannot be completely arbitrary. Let us define the plastic zone as the open set I p = {x ∈ Ω | κ(x) > 0}, i.e., as the support of κ, and the elastic zone as the open set I e = {x ∈ Ω | κ(x) = 0}. In I p , the variation δκ can have an arbitrary sign, and so the expression multiplying δκ in the second line of (9) must vanish. On the other hand, only non-negative variations δκ are admissible in I e , and so the expression multiplying δκ does not necessarily vanish but is constrained to be non-negative. The resulting conditions
combined with the definitions of I p and I e can be presented in the complementarity format
Note also that since κ = 0 in I e , condition (13) could be simplified to
For AH = const., the second term on the left-hand side of Eq. (12) reduces to −HAl 4 κ IV , and the standard formulation of the fourth-order gradient plasticity model is recovered, cf. Jirásek et al. (2010) 
. With increasing magnitude of the derivatives of H(x)A(x) we expect also increasing differences between the solutions corresponding to the classical and variational formulations.
In addition to conditions (11)- (13), which have been deduced as optimality conditions following from the first two lines of (9), the last two lines of (9) provide us with boundary and regularity conditions for the plastic strain.
Let us first discuss the boundary conditions. Again, we have to distinguish between the plastic part of the physical boundary, ∂Ω ∩ I p , and the elastic part, ∂Ω ∩ I e .
1. Boundary point in a plastic state, characterized by κ > 0:
The variation δκ as well as its derivative δκ at such a point can have an arbitrary sign and the terms that multiply them must vanish. This leads to boundary conditions κ = 0 and (HAl 4 κ ) = 0. 2. Boundary point in an elastic state, characterized by κ = 0:
The variation δκ at such a point can only be zero or positive, and so the term that multiplies δκ in the first sum in the fifth line of (9) must not be negative but does not need to vanish. Therefore, for a boundary point in an elastic state we obtain the inequality condition (HAl 4 κ ) n ≥ 0. Recall that n = −1 at the left boundary and n = 1 at the right boundary. Regarding the second condition, tested by the derivative of the variation of plastic strain, we have to distinguish the following two subcases: (a) Nonzero derivative of plastic strain at the boundary:
If κ = 0 and κ = 0 at a boundary point (which necessarily means κ > 0 at the left boundary and κ < 0 at the right boundary, by virtue of the universally valid admissibility condition κ(x) ≥ 0), then the variation of plastic strain, δκ , has an arbitrary sign, and the term HAl 4 κ n that multiplies δκ in the first sum in the fourth line (9) must vanish. Since HAl 4 = 0, this gives the boundary condition κ = 0. (b) Zero derivative of plastic strain at the boundary:
If κ = 0 and κ = 0 at a boundary point, then the derivative of the variation of plastic strain, δκ , can be positive at the left boundary and negative at the right boundary, which means that δκ n can be negative. Consequently, the term HAl 4 κ that multiplies δκ n in the first sum in the fourth line (9) must not be negative (note the minus sign before the sum). Since H < 0 and l 4 A > 0, the resulting condition reads κ ≤ 0. But this actually cannot be satisfied as a strict inequality, because κ < 0 in combination with κ = 0 and κ = 0 would lead to a violation of the admissibility condition κ(x) ≥ 0 in the near vicinity of the boundary point. So once again, we conclude that κ must vanish.
We have found that the boundary condition κ = 0 applies independently of the state of the material at the boundary. On top of that, we have (HAl 4 κ ) = 0 and κ > 0 if the boundary point is in a plastic state, and (HAl 4 κ ) n ≥ 0 and κ = 0 if the boundary point is in an elastic state. All this can be summarized by the following boundary conditions:
Let us now turn our attention to the continuity or regularity conditions that can be deduced from the jump terms in the last two lines of (9). Again, in the plastic domain the variation of plastic strain and its derivative have arbitrary signs and remain continuous, and so the jumps in HAl 4 κ and in (HAl 4 κ ) must vanish. In other words, continuity of these terms must be preserved. Note that κ and κ are continuous by assumption, but continuity of κ or κ is not assumed apriori, and in fact is not maintained at points where for instance H or A have a jump.
Inside the elastic domain, the plastic strain is identically zero and thus all its derivatives are zero, too, which means that the corresponding jump terms in the last two lines of (9) automatically vanish. However, special attention should be paid to those points of the boundary of the elastic domain which at the same time belong to the closure of the plastic domain (recall that the plastic domain is an open set), i.e., to the points of the elastoplastic interface, formally defined as ∂I ep ≡ I e ∩Ī p . Since these are not internal points of I e , we cannot directly infer that all derivatives of κ vanish here. Continuous differentiability of κ implies that κ = 0 and κ = 0 at ∂I ep , but higher derivatives could in principle exhibit a jump. So it is necessary to examine again the corresponding jump terms in (9). The variation δκ at ∂I ep can be zero or positive, but never negative. Therefore, the resulting optimality condition is the inequality (HAl 4 κ ) ≤ 0. The last condition to be derived is the most tricky one. The derivative of the variation of plastic strain, δκ , cannot be set to a nonzero value at a point of ∂I ep without simultaneously prescribing a positive value of δκ, otherwise the admissibility condition κ(x) + δκ(x) ≥ 0 would be violated in the vicinity of that point. Still, various combinations of δκ and δκ can be selected such that the latter becomes increasingly "more important" and the jump term with δκ, which could potentially compensate for the negative contribution of the jump term with δκ , becomes negligible. This argument leads to the conclusion that the jump term with δκ must vanish, i.e., HAl 4 κ must remain continuous. Since κ = 0 in I e and HAl 4 = 0, we must have κ = 0 at ∂I ep . To avoid any doubt that this optimality condition is necessary, it is demonstrated in Appendix B that if the potential solutions of the localization problem are constructed with the condition κ = 0 at ∂I ep relaxed and then the minimum principle is imposed, the resulting optimum solution is the same as that constructed directly, with condition κ = 0 at ∂I ep explicitly imposed.
For clarity and completeness, we compare the governing equations, boundary conditions, and regularity conditions for internal variable κ and the two different formulations 
Standard formulation
Variational formulation Note
in Tab. 1. Conditions for the standard solution can be found in Jirásek et al. (2010) and Jirásek and Rolshoven (2009b) .
To simplify the following discussions, the effect of body forces will be neglected, i.e. b = 0 in (9), which implies that the axial force
is constant along the bar.
Bar With Piecewise Constant Yield Stress Distribution
Having derived the governing equations, boundary and regularity conditions, we now proceed to localization analysis of a tensile test of a bar with variable initial yield stress. Let us consider a bar containing a weak segment of length 2l g and an initial reference yield stress σ r , while the remaining parts have a larger initial yield stress σ r /(1 − β) where β ∈ [0, 1) denotes a dimensionless parameter, cf. Fig. 1 . The origin of the coordinate system is placed into the centre of the weak segment, as we will consider symmetric solutions without loss of generality, i.e.
where L p denotes the length of the plastic zone I p .
Under these assumptions, the initial yield stress distribution is given by with discontinuities at x = ±l g , cf. Fig. 1 . The response of the bar is elastic as long as the stress remains below the plastic limit, and the onset of yielding occurs when the yield limit is attained, i.e., when F = F r with F r = Aσ r = elastic limit force.
Plastic Zone Contained in Weak Segment
First, let us assume that the plastic zone I p is fully contained in the weak segment, i.e. I p ⊂ (−l g , l g ). Then, the yield condition in Eq. (12), upon substitution of A(x) = A c and EA(u − κ) = F = A c σ c , is simplified to
which is a fourth-order linear differential equation with constant coefficients and a constant right-hand side. It will be convenient for further analysis to convert Eq. (24) into a normalized form. To this purpose, we introduce
• plastic strain at complete failure for the local model κ f = −σ r /H,
• dimensionless stress or load parameter φ = F/F r ,
• dimensionless parameters describing the ratio λ g = l g /l between "geometric" and material characteristic lengths, and
• ratio λ p = L p /2l between one half of plastic zone and the material characteristic length.
In terms of normalized quantities, Eq. (24) is transformed into
where, for simplicity, the derivatives with respect to ξ are still denoted by primes or Latin numerals. The general solution to Eq. (25) is
where the integration constants C 2 and C 4 vanish due to the symmetry conditions κ n (0) = 0, κ n (0) = 0. The remaining unknowns are the integration constants C 1 , C 3 , and the size of the plastic zone λ p , which are determined from the regularity conditions at the boundary of the plastic zone ∂I p ,
Substitution of the general solution (26) into the boundary conditions (27) leads to the set of three equations
Elimination of C 1 and C 3 reduces the above system to the following single nonlinear equation for λ p :
Here, solutions to Eq. (29) are denoted ±m i . = 0, ±3.9266, ±7.0686, . . . , i ∈ N 0 . Clearly, the physically interesting case is only λ p = m 1 . The remaining integration constants are obtained as
This is also the standard, non-variational solution of the localization in a bar with perfectly uniform properties presented by Jirásek and Rolshoven (2009b), Eq. (40) .
Outside the plastic zone, condition (17) simplifies to
Analysis of the second variation, presented in detail in Appendix A, reveals that this solution is also stable, i.e. it corresponds to a local minimum of Π.
If the weak segment is long enough, 2l g > 2lm 1 , the solution will not be affected by stronger parts of the bar. Nevertheless, if the weak segment is shorter, the analysis needs to be modified.
Plastic Zone Extending to Strong Segments
Let us proceed to the case when L p > 2l g , i.e. λ g < m 1 . In this situation, Eq. (25) must be extended to the parts surrounding the weak segment:
yielding the general solution
By the symmetry conditions, the integration constants C 2 and C 4 vanish again, and
The remaining unknown constants C i for i = 1, 3, 5, 6, 7, 8 and the dimensionless plastic zone size λ p can be determined from seven conditions; namely from continuity of κ, κ , HAl 4 κ , and (HAl 4 κ ) at ξ = λ g , and of κ, κ , and HAl 4 κ at ξ = λ p . Because the resulting set of equations is nonlinear in λ p , it is more convenient to solve the system for C i and φ, with λ p considered as given. In other words, the loading process is considered as parametrized by λ p instead of φ. Then, we arrive at a set of seven linear equations in the form 
which can be easily solved by matrix inversion; for the sake of brevity, however, we do not provide the results in the explicit form. The resulting dependencies between the load parameter φ and normalized plastic zone λ p are depicted in Fig. 2 for several values of λ g = m 1 {0.003, 0.025, 0.127, 0.255, 0.382, 0.637} and for β = 0.5.
Solving the system in Eq. (35) and plugging the results into Eq. (33) leads to the distribution of plastic strain κ n . An example for λ g = 0.127m 1 , β = 0.5 and the monotonically expanding plastic zone λ p = m 1 {0.277, 0.554, 0.693, 0.776, 0.831, 0.858, 0.870} is shown in Fig. 3a . In Fig. 3b , the third derivative of plastic strain is depicted, satisfying all the regularity requirements summarized in Tab. 1.
Integrating Eq. (33) over the length of the plastic zone provides the normalized plastic elongation
which in this simple case can be carried out analytically:
The dimensionless load-plastic elongation diagrams for fixed β = 0.5 and different dimensionless sizes of the weak segment λ g are shown in Fig. 4a , and for fixed λ g = 0.127m 1 with different values of β in Fig. 4b . These figures reflect the influence of both parameters on the shape of the load-displacement curve for a bar with an imperfection, where λ g is understood as the length of the imperfection, and β as its magnitude. Note that regardless of the imperfection shape and size, the plastic response of the bar is always of the same slope. For shorter imperfections we observe significant hardening, while for longer imperfections the response attains the behaviour of a perfectly uniform bar. The imperfection magnitude influences the load-displacement diagram in the opposite way; for large values of β, the response exhibits a higher maximum force. On the other hand, in the case of small magnitudes the response approaches the behaviour of a uniform bar discussed in Figure 3: Piecewise constant yield stress distribution: (a) evolution of plastic strain profile and (b) its third derivative for monotonically increasing plastic zone length λ p . Section 3.1. As an alternative physical interpretation, we could consider a semi-infinite layer of material between two parallel planes which are mutually displaced in tangential direction and left unconstrained in the normal direction, so that the layer with vertically variable material properties is under pure shear stress.
In order to demonstrate that we have obtained an admissible solution, we check condition (17), which is valid outside the plastic zone and simplifies to
The condition can be simply verified in Fig. 2 , where we have φ ≤ 2 for β = 0.5. Finally, in Fig. 5 , we check that the energy balance (E) holds along the whole loading process in agrement with general results (Pham et al., 2011, Section 2.2.3) and (Pham and Marigo, 2013 , Property 1) for solutions sufficiently regular in time. We observe that the response is first elastic, i.e. the E curve is quadratic with no dissipation Var D , followed by the evolution of the plastic strain accompanied by nonzero dissipation. For this graph, physical constants presented in Tab. 2 were used. Parameters that control the imperfection were set to λ g = 0.255m 1 and β = 0.5, the total length of the bar was L = 4lm 1 , and the evolution was parametrized by the dimensionless plastic zone length
Bar With Piecewise Constant Stress Distribution
In all subsequent sections, contrary to the previous one, we will assume the initial yield stress to be constant, i.e. σ 0 (x) = σ r , and will investigate the influence of the variable cross-sectional area resulting in spatially variable stress field distributions. As the first example, let us consider a very similar load test to that presented in Section 3, but now with discontinuous sectional area, i.e. a bar containing a thin segment of length 2l g and sectional area A c , and with remaining thick parts of sectional area A c /(1 − β) where, as previously, β ∈ [0, 1) denotes a dimensionless parameter, cf. The corresponding stress distribution is described by
again with discontinuities at x = ±l g , cf. Fig. 7 . Clearly, the case of a plastic zone contained in the week segment coincides exactly with the situation presented in Section 3.1, and hence is not discussed again. Instead, let us proceed directly to the case in which L p > 2l g , i.e., λ g ≤ m 1 .
Plastic Zone Extending to Thick Segments
Substituting Eq. (40) into the yield condition (12) and converting the result into the dimensionless form, we obtain the governing equations, cf. Eq. (32):
which provide the general solution
C 1 cos ξ + C 2 sin ξ + C 3 cosh ξ + C 4 sinh ξ + 1 − φ for −λ g < ξ < λ g C 5 cos ξ + C 6 sin ξ + C 7 cosh ξ + C 8 sinh ξ + 1 − φ + βφ for λ g < ξ < λ p C 9 cos ξ + C 10 sin ξ + C 11 cosh ξ + C 12 sinh ξ + 1 − φ + βφ for −λ p < ξ < λ g (42) By the symmetry arguments, the integration constants C 2 and C 4 are zero, and for C i , i = 9, . . . , 12, the relations (34) hold again. The remaining unknown constants C i for i = 1, 3, 5, 6, 7, 8 and the dimensionless plastic zone size λ p can be determined from the regularity conditions; for example, continuity of HAl 4 κ and (HAl 4 κ ) at ξ = λ g give
The set of seven linear equations arising from the regularity and boundary conditions reads 
and for convenience it is again solved numerically with no explicit expressions presented. The resulting dependencies between the load parameter φ and the normalized plastic zone size λ p are depicted in Fig. 8 for the same values λ g and β as in Section 3.2, see also Fig. 2 . The normalized plastic strain, analytically expressed in Eq. (42), is depicted in Fig. 9a for λ g = 0.127m 1 , β = 0.5, and for a monotonically expanding plastic zone λ p = m 1 {0.277, 0.554, 0.693, 0.776, 0.831, 0.858, 0.870}. Its third derivative, presented in Fig. 9b , exhibits discontinuities at ξ = ±λ g and ξ = ±λ p . Let us note, however, that the quantity A(ξ)κ n (ξ) plotted in Fig. 10b has non-negative jumps only at ξ = ±λ p and remains continuous for ξ ∈ (−λ p , λ p ) in accordance to the discussion presented at the end of Section 2.1. For completeness, continuity of A(ξ)κ n (ξ) and validity of plastic yield condition (12) or plastic admissibility condition (13) can be verified in Figs. 10a and 11 .
The normalized plastic elongation, with the general expression presented in Eq. (36), can be again evaluated analytically:
Dimensionless load-plastic elongation diagrams for fixed β = 0.5 and for different dimensionless sizes of the thin segment λ g are presented in Fig. 12a ; the influence of β for fixed λ g = 0.127m 1 with different values of β is shown in Fig. 12b . Notice that the obtained results resemble those presented in Section 3.2 for a bar with piecewise constant initial yield stress. However, the slope of the load-displacement diagram now strongly depends on λ g and β.
Plastic admissibility condition (17) valid outside the plastic zone provides the inequality already presented in Eq. (38), and can be simply verified in Fig. 8 , where for β = 0.5 we require φ ≤ 2. Finally, the energy profiles corresponding to the loading program (39) are depicted in Fig. 13 , where we can check that the solution satisfies the energy balance (E) along the whole loading path. Physical constants are summarized in Tab. 2; the parameters reflecting the size of the thin segment were set to λ g = 0.255m 1 and β = 0.5, and the total length of the bar was L = 4lm 1 .
Bar With Piecewise Linear Stress Distribution
Now we proceed to a bar with a continuous but not continuously differentiable stress distribution, cf. Fig. 6b . The cross-sectional area corresponding to a piecewise linear stress distribution is specified in the form
where 2l g now denotes the overall length 2 of the bar L and A c , same as in the previous section, denotes the area of the weakest cross section. Substituting A(x) into Eq. (12) with σ 0 (x) = σ r , we obtain
(47) which has to be satisfied at all points inside the plastic zone with the exception of x = 0, where the cross-sectional area is not differentiable. At that point, we enforce continuity conditions of κ, κ , Aκ and (Aκ ) , recall the discussion at the end of Section 2.1 and Tab. 1. Since A is continuous, the third condition actually reduces to continuity of κ . After conversion to the dimensionless form, in Section 3.1, the governing equation transforms into
This is a fourth-order differential equation, and contrary to Eqs. (25), (32), and (41), it has non-constant coefficients and a non-constant right-hand side term. Although an analytical solution can be constructed in terms of special functions-the coefficients of the homogeneous part of equation (48) fulfil the so-called Calabi-Yau condition, cf. Almkvist et al. (2011), Eq. (3.4)-it is more convenient to solve it using the MATLAB R bvp4c solver, for details see Shampine et al. (2003) . Again, due to symmetry conditions, it suffices to restrict our attention to the positive part of the plastic zone, I + p = (0, λ p ). Then, the boundary and symmetry conditions read κ n (λ p ) = 0, κ n (λ p ) = 0, κ n (λ p ) = 0, and κ n (0) = 0, κ n (0
The last condition is obtained from continuity of (Aκ ) , meaning that (Aκ ) (0 − ) = (Aκ ) (0 + ), and can be derived when taking into account continuity of A, κ and skewsymmetry of A , κ , i.e. A (0
The solution is again parametrized by the length of the plastic zone λ p , and for each λ p the corresponding φ is determined from the solution of (48) and (49).
The plastic part of the load-displacement diagram is depicted in Fig. 14a , where the dimensionless load parameter φ is plotted against the dimensionless plastic elongation u p /lκ f . The initial part of the diagram is vertical, as in the previous examples, since only the elastic deformation evolves for F < F r . At the onset of yielding, the load parameter first steeply increases and only later decreases. Complete failure is attained at larger elongation in comparison with the non-variational formulation analyzed in Jirásek et al. (2010) . Several values λ g = {1.019, 2.037, 4.075, 8.150}m 1 are reported (from top to bottom), to reflect the effect of spatial variation of the sectional area; lower values of λ g correspond to a stronger variation of the sectional area and lead to higher peak loads. Note that for the standard formulation, the overall elongation at failure is always the same, while for the variational approach it depends on λ g . Fig. 14b captures the evolution of the plastic zone size. The load parameter φ is plotted against the dimensionless plastic zone size λ p , obtained again for several values of λ g . We can infer from the figure that the plastic zone evolves continuously and monotonically from the weakest section to its full size. The length at complete failure is almost the same as for the standard solution, plotted by dashed curves.
The evolution of the plastic strain profile and of its third spatial derivative is depicted in Fig. 15 for λ g = 1.019m 1 and several values of λ p = m 1 {0.255, 0.637, 0.764, 0.891, 0.998}. First, during the early stages of plastic evolution, the standard and variational solutions are almost the same, but at later stages, the differences grow significantly. Contrary to the standard solution, κ is discontinuous for the variational solution at ξ = 0, where
In the elastic zone I e , condition (17) for an admissible solution reduces to
where it is sufficient to verify ξ = λ p . For the data in Fig. 14b we obtain
and the condition is satisfied. For λ p → λ g , however, the right-hand side in (50) converges to +∞ showing that plastification of points close to physical boundary ∂Ω would require a very strong growth of φ. Figure 16 depicts the energy balance (E) for the standard solution (Fig. 16a ) and for the energetic solution (Fig. 16b) obtained for the data presented in Tab. 2. Further, we have used λ g = 1.02m 1 and have parametrized the localization process through
It is worth noting that, for the standard solution, the work done by external forces t 0 P(s) ds is out of balance with E + Var D , while the variational approach delivers an energyconserving process. 
Bar With Quadratic Stress Distribution
As the final example, we shall present the most regular case of quadratic stress distribution possessing continuous derivatives of an arbitrary order, see Fig. 6c . The function describing the cross-sectional area then reads
Upon substitution into the yield condition (12) with σ 0 (x) = σ r , we get the governing equation
(54) which can be converted into the dimensionless form
As in the previous case, we will employ a numerical solver, since the governing equation is even more complicated. Owing to symmetry requirements, the solution will again be constructed in the positive half of the plastic zone I + p , with boundary and symmetry conditions
In contrast to (49), the last condition is now simpler since A is continuous. The solution has been computed for several values of λ p . In Fig. 17a we notice that the plastic zone evolves continuously and monotonically; particular plastic strain profiles together with their third derivatives are depicted in Fig. 18 for λ g = 1.273m 1 and λ p = m 1 {0.255, 0.636, 0.764, 0.891, 0.968, 0.998}. Comparing the results presented in Fig. 15 with the results in Fig. 18 , we notice that for the quadratic stress distribution the differences between the standard and variational solutions are less pronounced. Due to a higher smoothness of the solution, the load-displacement diagram presented in Fig. 17b is almost linear, only with a slight hardening followed by the softening branch. Differences between plastic displacements at failure, i.e. for φ = 0, are also somewhat less distinct.
Hardening effects for the variational formulation are systematically stronger in comparison to the standard formulation; moreover, for small values of λ g , the differences are more obvious. This effect has already been explained in Section 2.1, see Eq. (12), Tab. 1 and the discussion therein. Recall, nevertheless, that the two formulations differ in two terms with higher-order derivatives of the sectional area, neglected for the standard formulation. For decreasing magnitudes of A (x) and A (x), the variational formulation approaches the standard one; the limit case is presented in Section 3.1, where the two solutions coincide. Let us note that for an infinitely differentiable exponential stress distribution, considered in Jirásek et al. (2013) , we would also obtain significant differences for λ g small enough.
Substituting expression (53) into inequality (17) leads to which should hold inside I e , i.e. for all |ξ| ≥ λ p . A closer inspection of Fig. 17a reveals that the condition is satisfied.
Energy balances for the standard and variational formulations are shown in Fig. 19 using the data from Tab. 2 and loading program in Eq. (52). The total length of the bar was 2λ g with λ g = 1.019m 1 . Again, for the standard formulation we notice a slight violation of condition (E).
Summary and Conclusions
We have presented the localization analysis of a softening plasticity model regularized by a variational formulation of a fourth-order gradient enrichment. The main results are summarized as follows:
1. Using a consistent variational approach, we have derived the description of a onedimensional gradient plasticity model which provides not only the appropriate differential equation, representing the yield condition inside the plastic zone, but also appropriate forms of boundary and jump conditions at the elasto-plastic interface. 2. On the basis of the derived conditions that follow from the variational principle, two problems with discontinuous data (a bar or layer with discontinuous yield stress and a bar with discontinuous cross-sectional area) have been investigated. These examples are amenable to analytical solution and have provided physically reasonable results. 3. Two additional examples have been analysed, one with continuous but not continuously differentiable data and the other with smooth data. Numerical solutions have been constructed and compared to the alternative non-variational formulation, demonstrating that the variationally consistent formulation leads to higher peak loads and elongations at structural failure. 4. We have also investigated the influence of various data on the evolution of the plastic zone and on load-displacement diagrams for all four prototype problems. It has been shown that the plastic zone monotonically expands from the weakest section of the bar. In spite of the softening character of the material model, the structural response exhibits first hardening after the onset of yielding, later followed by softening. Such a behaviour is related to a gradual expansion of the plastic zone to stronger segments of the bar. 5. Further, it has been demonstrated that the solution corresponding to the variational formulation satisfies the energy balance along the evolution path of the localization process. Contrary to that, the standard formulation exhibits systematic lack of balance in the sense that the sum of elastic and dissipated energies exceeds the work done by external forces. In all cases, however, the dissipated energy remains finite and non-zero. 6. The variational approach is based on the non-negative first variation of the functional. Solutions corresponding to local minima of the functional have to satisfy this condition and moreover have to be stable. Hence, an analysis of the second variation providing some explicit requirements on physical constants is presented in Appendix A for the simplest case of a bar with perfectly uniform data.
Finally, let us note that although we have not employed variable elastic or plastic moduli, the variational approach is perfectly suited to handle problems with discontinuities in such data.
Appendix A. Second Variation and Stability Conditions
The analysis presented in the main part of the paper has been based on the condition of non-negative first variation of the energy functional Π. This condition is, however, only a necessary one, but is not sufficient to ensure that the solution is a local minimum, thus that it is energetically stable. Therefore, in this section we discuss the behaviour of the energy functional in the vicinity of a solution (u, κ) satisfying (11)-(13), following a related analysis by Jirásek et al. (2013) .
In particular, we will investigate the second variation of the energy functional given by Eq. (7). Since the analytical derivation for a general cross-sectional area would be too complex, we restrict our attention only to the case A(x) = A. Then, the second variation attains the form
and has to be positive for all those nonzero admissible variations δu and δκ for which the first variation δΠ vanishes, to ensure that the solution (u, κ) is stable. Following the discussion in Jirásek et al. (2013) , Appendix A, we set δκ with all its derivatives to zero in I e for convenience, since possible non-zero values of δκ outside I p do not violate the stability. The solution is "touching the obstacle" in I e and therefore, according to Eq. (13) where a strict inequality holds, is stable. Then, reducing the integration domains and rearranging the constants, the stability condition reads as
Recall that the plastic zone I p is an interval of length L p = 2lm 1 , and the elastic zone I e consists of two subintervals of total length L − L p , since the total length of the bar is L = 2l g . The first two integrals can be estimated from below by the Cauchy-Schwarz inequality, which implies that
where we have employed the compatibility constraint Ω δu dx = 0 providing us with Ω\Ip δu dx = − Ip δu dx = −L p δε, and .5) are constants representing the mean values of δu and δκ over the plastic zone.
To estimate the last integral in (A.2), we employ an abstract inequality of the FriedrichsPoincaré type, e.g.Šebestová and Vejchodský (2014), Sections 2 and 3:
where γ : X → Y is a continuous, linear, and compact operator between Hilbert spaces X and Y . If λ 1 is the smallest eigenvalue for nonzero eigenvector u 1 ∈ X of the problem
is the optimal constant in the sense that it is the smallest possible constant such that (A.6) holds for all v ∈ X. For our purposes we choose
We can simply verify that (u, v) X forms a scalar product on X and that it induces a norm • X equivalent to the standard W 2,2 (I p )-seminorm and norm. The identity operator is compact, because the identity mapping from X to W 2,2 (I p ) is linear and continuous and the identity mapping from Roubíček (2010) , Section 1, Corollary 1.22, for continuous embedding C 0 → L 2 e.g. Roubíček (2010) , Section 1.2.2; X ⊂⊂ L 2 follows from Brezis (2011), Proposition 6.3, asserting that both left and right compositions of compact and continuous operators are again compact. Hence, denoting λ i = ω 4 i , Eq. (A.7) after integration by parts yields u
with a general solution
The boundary conditions for u i , namely
follow from the definition of X in (A.8).
First, let us consider even eigenfuctions for which C 2 and C 4 vanish. Then, boundary conditions (A.11) provide .12) with the roots n ±i . = 0, ±2.3650, ±5.4978, . . . , i ∈ N 0 . By simple integration we verify that (u ±i , 1) L 2 (Ip) = 0, and hence u ±i / ∈ X for i ∈ N. Now we proceed to the case of odd eigenfunctions (A.10) by enforcing C 1 = 0 and C 3 = 0. In analogy to the even eigenfunctions we obtain from the boundary conditions (A.11)
with the roots m ±i . = 0, ±3.9266, ±7.0686, . . . , i ∈ N 0 , recall Eq. (29). In this case, however, u ±i ∈ X for all i ∈ N 0 .
From the previous analysis we conclude that the smallest eigenvalue ω 1 such that the corresponding nonzero eigenvector u 1 ∈ X is ω 1 = 2m 1 /L p . Moreover, since δκ = 0 on ∂I p , we have
Substituting λ 1 into the abstract inequality (A.6) and employing (A.14) yields
and since L p /(2m 1 ) = l, we get
Introducing (A.3), (A.4), and (A.16) into (A.2), we arrive at the same condition as in Jirásek et al. (2013) for the second-order gradient model, namely
which eventually provides
The first inequality in (A.18) states that the considered bar should be longer than L p , so that the full plastic zone can develop. The second inequality prevents the snap-back of the stress-strain diagram without gradient effects, and the third one guarantees stability of the localized solution under displacement control; see Jirásek et al. (2013) , Appendix A for further details. The second inequality follows from the first and third and thus could be omitted. It has been kept here in view of its illustrative physical meaning.
Appendix B. Stability of the Homogenenous Boundary Condition κ = 0
In order to verify that HAl 4 κ = 0 is the correct optimality condition at the elastoplastic interface, we construct a family of solutions without taking this condition into account, and then prove that the energy-minizing state coincides with the solutions presented above.
For simplicity, we consider a uniform bar described by (25) with a symmetric general solution presented in (26), where C 2 = 0 and C 4 = 0, and where the boundary conditions read κ n (λ p ) = 0, κ n (λ p ) = 0 (B.1)
We have two conditions, but three unknowns, C 1 , C 3 and λ p . The last condition in (27), i.e. κ (λ p ) = 0, is not imposed, but will be justified by direct energy minimization.
Substituting (26) into (B.1) for λ p > 0 yields the solution κ n (ξ) = 1 − φ − 1 − φ cos λ p sinh λ p + cosh λ p sin λ p (sinh λ p cos ξ + sin λ p cosh ξ) (B.2)
In order to make our exposition more readable, the subseqent derivations are structured into four steps. In Appendix B.1, we start with the elimination of the displacement field from the functional Π from Eq. (7), in order to reparameterize it in terms of the dimensionless solution (B.2). Such a transformation makes it relatively easy to demonstrate that the homogeneous interface conditions correspond to a saddle point of the reduced energy function, both under fixed axial force or prescribed displacements in Appendix B.2 and Appendix B.3. In Appendix B.4 we finally demonstrate that the saddle points are energy minima.
Appendix B.1. Condensation of Displacement Field
From Eq. (22), the total strain u can be expressed as
whence we obtain, after the integration over the domain Ω, the total elongation where C Π > 0 is a λ p -independent constant, cf. Eqs. (B.16) and (B.20), we conclude that the minimum is attained for λ p = m 1 . This finding can be visually verified in Fig. B .20 constructed for the data from Tab. 2, for L = 2l g = 4lm 1 , and for the load parameters φ = 0.5 or u = 3.
In conclusion, for both cases, i.e. either for fixed φ or u, the boundary condition κ n (λ p ) = 0 is indeed the optimal one and the solution is located at a saddle point, which is at the same time the boundary of the admissible set [n 1 , m 1 ].
